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SOLUTION OF THE PROBLEM OF ARTIFICIAL SATELLITE 
THEORY WITHOUT DRAG 

by Dirk Brouwer 

Yale University Observatory 

ABSTRACT 

Sections 1 - 6 give the solution of the main problem for a spheroidal 

earth with the potential limited to the principal term and the second har

monic which contains the small factor k2. The solution is developed in 

powers of k2 in canonical variables by a method which is basically the 

same as that used in a different problem by von Zeipel (1916). The per 

iodic terms are divided in two classes: The short-period terms contain 

the mean anomaly in their arguments; the arguments of the long-period 

terms are multiples of the mean argument of the perigee. 

The periodic terms, both of short and long period, are developed to 

O(k2); the secular motions are obtained to O(k2 
2). The results are ob

tained in closed form; no series developments in eccentricity or inclina

tion arise. The solution does not apply to orbits near the critical inclina

tion, 63.4 °, but is otherwise valid for any eccentricity < 1 and any 

inclination. 

Section 7 gives the long-period terms and tl e addi tions to the secu

lar motions caused by the fourth harmonic in the potential; section 8 gives 

the contributions by th third and fifth harmonics; section 9 contains for

mulas for computation. 



1. The equations of motion. The equations of motion of a small mass 

attracted by a spheroid are 

d2x au au au 
-- -- = - ' = 

dt2 ax ay 

with 

µk2 2 µk4 2 35 4 
U = ~ + - (1 - 3 sin m + - (1 -10 sin ~ + _ · 'n m 

r r3 r5 3 

1 

The equato ial plane of the spheroid is taken as the xy plane; ~ is the lati

tude, and if M is the mass of the spheroid and t e G .ussian constant, 
2 µ = k M. 

The main problem of artificial satellite theory may be onsidered 

the problem with k4 = 0. Let I be the instantaneous i clination of the 

orbital plane with the equatorial plane, g the distance f the pericenter 

from the ascending node, and f the true anomaly. Then 

sin ~ = sin I sin (g + f) , 

2 sin2~ = sin2 I [ 1 - cos (2g + 2f)] , 

and the disturbi 1g function can be written 

iL k 2 [ ~ 1 3 2 ) a 
3 

R = - - -- + - cos I - + 
3 2 2 3 a , r 

(
3 3 2 ~ a

3 
1
1 

2 - 2 cos ] r
3 

cos (2g+ 2f)J . 

Let a, e be the osculating semi-major axis and eccentricity, respec

tively. The Delaunay variables are then 

L = (µa)l/2 

G = L (1 - e~ l/2 

H = G cos I 

l = mean anomaly 

g = argument of the pericenter 

h = longitude of ascending node. 
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With these variables the equations become 

dL 8F d1 8F 
= -

dt al dt 8L 

dG 8F 
= 

dg = 8F (1) ~ 
dt ag dt 8G 

dH 8F dh 8F 
- - = - -

dt 8h dt oH 

2 4 [U + ! H
2
) a

3 (3 3 H
2

) a
3 j µ k2 

F - µ + - - - - - cos (2g + 2f) -- + -

2L2 L6 2 2 G2 r3 2 2 G2 r3 

(2) 

The par ts of F not exhibited in ter ms of the Delaunay variables may 

be expanded in Fourier seri s as follows 

L3 oo L3 
+ ~ 2 P . cos j 1 = _ + a1 , 

3 LI ] 3 -
G j=l G 

a3 +oo 
cos ( 2g + 2f) = 6 

j= -oo 
Qj cos (2g + j!) = a2 . 

The coefficients Pj, Q. are power series in the eccentricity e; the lowest 

power of e is ei in P/ e I i- 21 in Qi' j f 0. Since e2 
= 1 - a2/L 2, the de

rivatives of a function t/)(e) with respect to L or G may be obtained by 

8\/J _ 1 a t/J G 2 
- - ----, 8t/J 1 8t/J G -=----· (3) 
BL e ae L 3 



The functions ljJ that will arise are functi n f , /r nd f. Well-known 

formulas of elliptic motion are 

3 

a (a) a2 
- - = - cos f, 
8e r 2 

(4) 

af 
ae 

= 

r 

(a 1
2

) 
\-;- + a2 sin f. 

Some import nt pr p rties of the H m ·1t ni n may be n t d: 

(a) th in p ndent v ri bl t · not pl' i ly pr sent in F, h nee 
the integral F = constant exi sts; 

(b) the va iable h is not present in F; 

(c) the co fficient Q
0 

in a
2 

is zero. 

The value of this coefficient is the constant term of th Axpansion in 
3 -3 terms of the mean anomaly of a r s 2f: h n 

1 7T a3 
Q = _ f _ cos 2f d 1 . 

o 1T O r3 

By making use of the integral of areas in the form 

2 
dl = L E._ df 

G a2 

thi s may be written 

(5) 

1 L 7T a 
Q = _ _ f cos 2f df 

o 1T G O r 

1 L 3 7T - _ J (1 + e cos f) cos 2f elf = O . 
7T 3 0 

This derivation may be generalized to show that the constant term of 

(aP /rP) cos qf (p and q positive integers), expanded in terms of the mean 

anomaly is zero if q > p - 2 ~ 0. 
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2. 

the variables, L, G, H .,l , h to new variables L', G' , H' , 1', g', h' 

with he aid of d t rmining fun tion S (L', G', H' , 1 , g, h) . Th n, if 

as 
L =- , G - -

a! 
H = 

s 
Dh 

1, = as 
81 ' 

the equ tions in th new v ri bl s will e 

d I oF* di. I a * = - --
dt 3i. I dt a I 

dG' a F' d I aF 
= = 

dt ag' dt 8G' 

dH ' 8F* dh' oF* - -- = 
dt 8h' dt 8H' 

with 

as 
8G' 

F* (L' G' H' .1 I g' - ) 
' ' ' ' ' 

= F (L, G H, l, g, -) 

h' = as 
aH' ' 

(6) 

(7) 

(8) 

The dashes in the places for h' and h are used to indicate the absen of 

these variables . 

. Th problem would be completely solved if a determining function 

were fou d such that F* is a function of th variables L', G', H' on . 

The differential equations (7) show that then L', G', H' are constants, 

while 1 ', g', h' are linear functions of time. Substi ution of this solutio 

of the primed quantities into (6) then yields expressions from which the 

original variables may be obtained in terms of L', G', H', 1 ' , g', h' and 

therefore in terms of t and the constants of integration. 

In the present problem it is more convenient to choose the det rmin

ing function S in such a manner that 1 1 is not present in F*, while g' is 

permitted to appear. If this is accomplished, L' and H' wi11 be constants, 

and the system is essentially reduced to one of one degree of freedom: 



dG 1 

dt 
= 

8F* 
8g' 

dg = 

dt 

8F* 
aG' 

5 

in which L' and H' are pr sent as constants. After this system is solved, 

j_' h' are obtain d by quadratur es from 

dl ' 

dt 
= 

8F* 
8L' 

dh' 

dt 
= 

8F* 
8H' 

p , a n ni a tr n ormation by the choice of a suitable d t r-

3. 

m 

f m·n r plan 

m te 

t ni n 
2 

o n qui val nt res t. 

. In thi 

inlr du 

edur dev lopment in power 

If 
1 

i it r , the r · gi 

btain .d by a 

small 
·1 -

in w ich t e subscr ipt d not s th power of k2 present as a factor. F O is 

a function of L only. Let ls 

F* = F0 * + F * + * 2 

It will be convenient to choose 

s0 = L'l + G'g + H'h. 

If then the expressions for L, G, H, 1 ', g', h', given by (6) are sub~ 

stituted into 

F (L G H n ) F* (L' G' H' ' ) 
' ' '..,t ' g, - = ' ' ' -, g ' - ' 
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there results 

(as) F( ~ as as ) Fo a} + , - - '1, g, -
1 al ag oh 

= Fo* + F 1 * ( ' G' H' - as ' ' ' ' - · 8G' -) 

+ F 2 * (1•, G', H' , - , aG' - ) . 

-'xp nding v ywh r y T ylor' th rem o th se ond po er o k2, 

th re ult is 
2 

aF0 as + aF0 _ 2 + }_ ~ (a s1) 
F0 (L') + 

81' al. a ' al 2 81,2 a.Q. 

a F 
1 

as1 
F

1 
(1 ' , G' , H' , J., g, -) + 

81' a.Q. 

aF1* 8S1 
= F O * + Fl* (L', G' , H', - , g, - ) + 

ag aG' 

+ F 2 * (1', G', H', - , g, - ). 

Parts of cor e ponding order in k2 on both si s yield: 

o der 0: 

order 1: 

order 2: 

o(L') = Fo*(1') 

aF
0 

as1 
-+F = F* 

8L' al 1 1 

8F 
+ _1 

8G' 

aF 
1 

as1 
+ - -

8L' a.Q. 

8F * aS 
asl =Fz*+_.!_ 1 
ag ag aG' 

(9) 

(10) 

(11) 
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Th e n i n c uld b arri d on indefinit ly, but for current practical 

r quir nts onsid r ati n of p rts b yond the sec nd order in k2 ap-

ar b unn ry. Put 

in whi h F 
1 

i h part ind p nd n of J, F lp th p rt dependent n l . 
In I t r inology pl n t ry h y F l s would b th ular p rt of 

h dis urbing fun ti n, F 
1 

the p r · i p r . Hen , if for the sak of 

br vi y h n ti n 

1 
A = - -

2 

i us d, 

3 
B = + 

2 

Now quati n (10) i s spli up into two quatio s 

in which use is made o 

2 
_µ_ 

(12) 

(13) 

By integration s
1 

may be obtai ed in the form of an infinite series as 
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1 
= µ

2

k2 [A ~ P. sin il + B +°B ..!.:_ Q. sin (2g + il ~ . (14) 
1'3 1 j l -oo j J J 

No constants of int ration ar r equir d sin only partial d rivativ s 

of s1 with respe t to ' , G' H' J , ·, h will be need ct. 
For th fallowing developm nts it will b advantageous to obtain a 

closed expre sion for s1. Th method used at the end of Section 2 for 

obtaining th int gr 1 of functions f th typ a Pr -p cos qf can be used to 

obtain 

a 1 ct .1 - f (_!_ - -=) d 1 = _!_ [t -1 + in t] , 
r 3 G G3 

. a3 
j a 2ct J = j - o ( 2 + 2 ) ct .Q 

3 ,. 
r 

= L 
3 [2. sin (2 + 2f) + _!:_ sin (2g + f) + _f:_ sin (2g + 3f;l . 

G3 2 2 6 'J 
,, 

Henc 

µ2k2 { s1 = -- A (f -1 + e sin f) 
G'3 

+ B [I sin (2g+ 2f) + ! sin (2g+ f) + -
2 2 6 

= µ 

2

k
2 

B [cos (2g + 2f) + e cos (2g + f) + - cos (2g + 3f~. (16) 
ag G'3 3 J 

Introduce 



th n 

9 

+ (
3 

_ 1_ .!t)- cos (2g + 2f)l} (17) 
2 2 G' 2 r3 

= G'+
a 

= GI {1 + y 2 L' 
4 (2 I ~) [ cos ( 2g + 2f) 

G'4 2 2 G'2 

+ OS (2g + f) + 3 OS (2g + 3f~} 

H = H'. 

(18) 

(19) 

s1 was obtain d as a function of G', H, e, f: g. Hence L' is pres nt 

through e and f only . To obtain as/a L' it is convenient to obtain first 

cos f) ~ + sin fl 
ae J 

+ B [cos (2g + 2f) (1 + e cos f) ~ 
ae 

+ ~ sin ( 2g + f) + ! sin ( 2g + 3f~} 
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in which us wa mad of 

With 

COS (2g + 2f) + _:_ OS (2g + f) + _:_ COS (2g + 3f) = COS (2g + 2f) (1 e COS f) . 
2 2 

(1 + cos f) _!_ 
ae 

- ) inf 

there result 

+ _!_ [[ _: G' 
2 

- ~ + 1\ sin (2g+ f) 
2 \ r 2 L' 2 r ) 

+(\a 
2 ~ + ~ + ~) sin (2g + 3f~} . 
2 L'2 3 r . 

With the aid of the relations (3) ther follows at once 

8L' 

= 1' - _Y2 _L' {r-~ + ~ H2 ·) (a2 G'2 + ~+ 1\ sinf 
e G' \. 2 2 ,2 r2 L'2 r ) 

+ (! -! : 2) [C :: ::> > ~ sin(2g+f) 

+ (~ G' 
2 

+ ~ + _!_) sin (2g + 3f)l 1 (20) 

r2 L'2 r 3 J J 



·: . . . · ·.· ~ . \.;{ . ' : -~-+: .w : ··., . I::: ·.···r ...• · A . . i .. ·3· · ,i J.' . ~i ·s ~ 
• • ' ' ' • • • . ' ' I. • • ' ~, \ • • • ' • • • • • 

• • I 1 , J' f • I t 

11 

g g' 
as1 

= 
oG' 

g' + Y2 
,2 {H + : G\) 

(--· t -+~ = sin f 

e G' 2 r2 L' 2 r 

e 3 H
2

) 
~ ~G,2 >~ i (2g + f) - --

4 4 G'2 \ 2 L'2 

+ ( t G'2 + ~ + 
r 2 L' 2 r 

i) sin (2 + 3f~} 

L'4 {(i + ~ ~) 
(f - ~ + e sin f) 

+ Y2 -
G'4 2 2 G' 2 

+ ( 9 - ~ ~)[.!. in (2g+ 2f) + ! sin(2g + f) 
2 2 G' 2 2 2 

+ : sin (2g+ 3f~} (21) 

h h' 
as1 

= --
aH 

h' - L'4 [ = 3y 2 - f - J. + e sin f 
G'4 

- .!. sin (2g+ 2f) - ~ sin (2g + f) - ~ sin (2g + 3~ .!!. . 
2 2 6 G' 

(22) 
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In th lculation of th oordina s , i and g r not ne d d sep rat ly 

but nly the sum: 

'Y2 
J + g = 1' + g' + -· -

f' 

1 

(
3 3 H

2
) ~ta2 

,2 a ) . - -- - ------+1 m(2 + f) 
4 4 ,2 2 ,2 r r 

( 2) [ 9 15 H 1 . 1 

+ - - - -- - srn{2g+ 2f) 
2 2 G' 2 2 

+ ;sin(2g+ f)+~ ·n(2g+3~}

(23) 

Since (1 - 2)- l - (1 - e1 -2 is divisible by e2, the first part of the dif-

ference ( l + g) - (1' + g') has e as a factor and not a a divisor. 

4. Second-order contributions to the Hamiltonian. For use in the evalu

ation of F 
2 
* it will be convenient to put 

L'3 ~ e ~ p2 = - cos (2g+ 2f) + e cos (2g+ f) + - cos (2g + 3f) , 
G'3 3 

(24) 

so that 
2 as1 µ k2 =--Bp 

ag 1 ,3 2 



Al o, d fin r 1 , r 2 y 

1 aa1 3 a4 L5 
Tl = - -· - = - OS f - 3 - · 

e a e 4 G5 r 

= !_ [2_ ~ -~ L 2 ] co 
2 4 3 G2 r r 

(2 + f) 

1 [5 4 a3 2] + - - - + - -· - C S (2g 
e 2 4 3 G2 r r 

3f), 

whi h are easily obtained with the aid of the xpr sions ( 4) and (5). 

Then 

8Flp -- µ4k2 [ - G' 2 ~ (Aa 1 + Ba 2) + (Ar 1 + Br 2) 
81' 1'7 1 ,2 

&F 
lp = 

8G' [

G' L' (Ar1 + r2) 3L' El2 (a - a } 
G' ,2 1 2J 

13 

(26) 

(27) 

If the t rms d ende t o .i are not e ed o the se ond order in k2, the 

only part of interest ·n (11) will b 

2 2 

[
.!. 8 Fo (8S1) + 8Flp asl + -~ as~ = F 2*' 
2 aL'2 al BL' al BG' agJs 

where the subscript s designates the parts independent of 1. The contri

bution to the right -hand member that has 8 F 1 * /ag as a factor vanishes 

because F 1 * is a function of L' , G', H' only. 

The following products are easily obtained: 
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6 2 [ 4 a F as
1 

µ k2 , ~ _ = -- - 3 -- (AB + 

8G' ag L'lO ,4 \ 

and h n , 

= --

L' 0 

s .(28) 



Th part ind p nd nt f 1 rn b f und by alu ting int gr 1 of th 

same type as thos whi h occurred in the pr din ection. The only 

exc ption r th integrals 

1T 

1r 0 

_!_ J 
1T 

1T 0 

1T 

C 

2 sfdJ. --

1 [ c
3 

2fd.i =- 2-
2 3 

G2 j -3 ~ + 1 

G2 e 
OS 3£ d 4 [ c

3 

=-2 23- -+ ~ + 3 
1T 0 

Th p r t par 

const n par: 

_ 9 a 2 27 
- 1 = 
2 16 

G2 
+-OlTl = + 

12 

Sum = - 3 15 
-- + 
4 G5 

2 

f F 2 are s follows: 

1 5 9 L6 135 L7 315 1 g 
+- - - -

G5 2 G6 8 G7 16 Gg 

315 19 
15 L5 LG 105 L7 
- - -3- -- - +- -
16 G5 G 

G 8 G7 

3 16 15 L7 
-- + --
2 G6 4 

135 L7 
+ --

16 G7 

G7 

315 L9 
--
32 Gg 

16 Gg 

2 

1 



1 

\ 

G 2 G 5 7 

-r 2p2 = + - - --
L 3 5 2 

7 
5 5 

7 

u = - -
24 5 8 G7 

5 
7 

- a2 2 - - - + 
G G5 2 G7 

ffi i n 0 s 2 : 

G 
- -r 1 P2 = 
L 

L4 
- 3_ P2 = 

G4 

1 

9 L 

4 G 

5 L5 
+ - -

4 G5 

7 63 

4 G 

5 L7 63 
-14-+--

4 G5 7 Gg 

21 7 5 L 
--- + 2-

G7 G L+G 

L5 L L7 
+ 1- -2 -

G5 L+G G7 

5 1 L7 
Sum = + --- -- -

G7 4 G5 4 

L 3 L5 5 L7 L5 L 
- 3 - al P2 - + - - - - - + 2 -

G 2 G5 2 G7 G5 L+G 

L4 L7 5 L 
- 3 -4 P2 = + 1- -2 .!:_ 

G G7 G5 L+G 

3 15 3 L7 -Sum = + -
2 G5 2 G7 
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o ffici nt of 4g: 

9 2 9 1 5 9 7 9 
- - a = - - - + 

2 64 5 32 G7 6 9 

G2 
r:: rl Lg 5 7 

- a2'2 = - I - - ·· 
2 4 5 32 G 

64 Gg 

1 5 1 
7 

Tz 2 
-.:: + - --

16 5 16 

Sum = 0 

L 0 + 3 - o-2 P2 = 
G 

The term with s 4g disappear, and the expression for F 2 * beco mes 

ft r ub titution of th appropriate expressions for A
2

, AB, B
2 

and 

BH
2
/G

2
, 

6k 2 

t u
5 

( 18 H
2 

H
4

) F * 
µ 2 15 

= 
G' 5 1 - 5 G'2 + G'4 2 

1 ,10 32 

3 1'6 ~ Hz H4 J + - - 1-6 - + 9-
8 G'6 G' 2 G' 4 

- 15 !-,,' 7 (1 - 2 H2_ - 7 H4] 

32 G'7 G'2 G'4 

6k 2 
[ 3 ( L'5 1'7) ( H2 + 15 H

4 ~ cos 2g' , 
µ 2 

+ 
- 16 G'5 - G' 7 

1 -16 -

1 ,10 G'2 G'4 

(29) 
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jn whi h g has b en hanged into g', which is permi ibl in a pa t th t 
2 has k2 as a fa tor. 

The problem · n w r due t th 

2 
F* = µ 

2L' 2 

in whi h 

F * = 
2 2 2p ' 

quations with th Hamilt nian 

he form r bein a fun tion of ', G' H nly, th la r d p nding lso 

on g'. 

et S b a n w d rmining function, 

S* == L''l' + G"g' + H"h' + i* (L",G",H",g')· 

th quation F = F** m y th n be written 

( 
as* ) F + F * L'' G" + l H'' 

0 1 ' - ' 8g' 
+ F * + F * = F ** + 2s 2p O 

This equati n r · duce t 

a F1 * as1 * 
F * - F ** F * - F ** + F * -- 0 0 - 0 ' 1 - 1 ' 2p ' oG" og' 

(33) 

F * = F ** 2s 2 · (34) 
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Sin 

- - --
8G" 2 3 4 L' G" 

(
1-5 !!:_), 

G''2 

in whi ·h L' has be n wr·tt n f r L", H fo · H", quation (33) gives 

8S1*· 1 tl (1' 2 L'4) ~ H2 H4)~ f _ H2)-l 1 - =Gy2 --- 1-16 - +15 - fl-5 -_- cos2g. 
a g' 8 G' 2 G' 4 , 2 11 4 ~ G" 2 

ub titut dint 

G' = G' ' + asl * 
a ' 

th re result 

G' = G" ! (1-11 H2)-5 H4 (i _5 H2 ) -1 cos g" . 

8 \ G"2 G"4 C G" 2 

(35) 

2J -
(
1 - 5 _!!_ ) in 2 " 

G"2 

and 

as * , ~ ~ 2) 4 J..'=f'--1 =1"+y2 ~ _!_ 1-11_!!__ _5!_ 
8L' G" 8 G"2 G"4 

2J -{i -5 !_) sin 2g", 
C G" 2 

(36) 
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as1 g' = g'' - - = ti 

aG'' 
~

1 L' 
2 

( H
2
). 3 L

14 ~ 55 H
2

) 
2 

_ 1 - 33 - - - 1 - - --
lti G" 2 0,,2 16 0 ,4 3 G"2 

as 
I =h" ___ 1 

8H 

,, ( , 2 , 4) tll H 3 ~ H 2 )-l =h +Y2 - - -+ 10 - 1-5 
G' ' 2 G" 4 8 II G ,3 G" 2 

5 2 -J + 25 _!!_ (i - 5 __!!_ ) 
G' 5 \ G"2 

in which g has be n hang d into g" . 

(38) 

The Hamiltonian ** is a function of L', G" , H only. I i s giv n by 

equat' ons (32) and (34), 

2 
** =_µ_ + 

1'2 

wh r tl last term is the first part of the right--hand m mber of equation 

(29). L t n
0 

be defined by 

n = 
0 

Then: 

µ2 
1'3. 
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dl ' F 
- = - -= n 3 y 

dt 8L' 

45 1 17 
---
32 G 7 

+ (75 L
15 

+ 27 _
6 

+ ~ ~) H
4
]} (39) 

G" 2 ,6 32 G" 7 ,,4 

d " 

dt 
8F** = no {3 Yz ~~ (- _!_ 
a ' " 2 

9 1 17 105 1 18 
+-- - --

4 G' 7 

+ __ + __ + __ - (40) 
(
1351'

6 
135 1'

7 
1155 L'

8
) H

4J} 
32 G"6 4 G"7 32 G"8 G"4 
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dh '' a F** 

dt aH 

T bl I. F ct r s 

I 

00 

0 

20 

30 

40 

50 

55 

0 

6 

62 

63 

64 

65 

66 

70 

80 

90 

4H 
2-

, 4 
i} li( 27 L 6 Q__L' ~ _ ~ L'S~ _!! L 8 , 6 2 " 8 G" 8) G ' 

+ ( - 15 
16 

8 G ,6 
- _ _ - - - - . (41) 27 

17 
1051'

8
) tt

3J} 
2 G" 7 8 , 8 G" 3 

ri in in h m nt f th p ri 
' 

qu tion (37) 

25 I 5 41 

(1 - 5 21) 2 1 - 5 21 

1.562 -1. 250 

1. 53 -1. 222 

.47 -1.14 

1.395 -1.023 

1.350 -0.890 

1.552 -0.801 

2.140 -0.83 

6.250 -1. 202 

10.58 -1. 576 

~5.72 2.381 

234. 76 -6. 956 

115.72 +4. 716 

12.45 +1.120 

3.790 +O. 792 

0.232 +0.165 

0.001 +0.005 

0.000 0.000 

This completes the solution of the problem for orbits with inclinations 

sufficiently far from the critical inclination. In the vicinity of the critical 

inclination the results may become illusory. 

The data given in Table I will serve to show that for an orbit with 

moderately small eccentricity, no significant loss of accuracy occurs if 

the inclination is even as close as 1. 5 ° from the critical inclination, 63°26'. 
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The s cond olumn in lhi t bl i th alu f th f ctor that c n-

t in (1 - 5 cos2rr 2 it pp r in g', multiplied by y2e
2

(1 -
2
)-

2
. In 

h' the coeffi i nt is -✓5tim s th t .in '. No term of his type o urs in 

1' . The third lumn in th bl indicates th magnitude of the p r ts of 
h n in ( 1 - 5 o 21) - l s f ct r. In .Y. 1 and ' 

th 

= · in ' nd h' 

nl ins 2 s a r. 

2 
tim s f tor th r edu f r 

r dimini h d by fun tion of that 

t in d by Hill's m tho . r e = o, th _ __,;;_ ________ _ 
r n ( ) (40), (41) m y b comp r d with m 

th d ( r uw r 9 5 8) . W. th L' / G" = s 

- = n l+Y2 --+ -d)'' [ ( 3 9 
dt o 2 2 

dg" [ dt = no ·y 2 (
- 3 15 cos2r ) 2 ( 21 _ 171 2r, 1185 - + - + Y2 +- -- o + -

2 2 16 8 16 

[r2 ( 3 s
2r") + r / ( 6 cos

2r• -5
; cos 

4r)] dh" cosl - = n 
dt 

d(l" + g") Ii ( 2 ) 2 dt =n0 L+r2 - 3+12 cos r• +y2 

The sidereal m an motion is 

d( l" + g") dh" 
ns = --- + cos 1" -

dt dt 

or 

t 1: - 36 cos2r• + 
3
:

9 
cos 

4r] . 
(42) 
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n = n
6 
~ + y2 t 3 - 9 o 

2r) + y/ (+ 2
: - 24 cos

2r• + 
3
: co 

4r~ . 

hus 

2r. ') 2 ~ 3 2r, 3 + y2 ( OS +2 

In th Hill m hod a li d th . rtifi i 1 satellit probl m I found 

(Brouw r 1958, p. 435) 

d(J." + ") ~ 2 *2( 21 --- = n
8
H 1 + 3y 2 cos H + y2 -

dt 2 

n H nd IH b i g us d to di tinguish th s symbol fr m ns, I in the 

pr s nt ti 1 . 

Th expression in square brackets is qui val en to the valu of 

1/(1 p) for y 
4 

= o with y 
2 

replaced by y2 *· In order to compare with 

the ~ult obtained above it should be oted that r2 *, cos IH and n H differ 

from y2' H/G" and n5 . 

In the pres nt theory, if L' = (µa 0 )
112

, 

1 
2 

k2 2 2 µ k2 
Y2 --- -- ' no =L =- L 

L'4 a 2 L'3 3 
0 2 

ao 

In the Hill theory 

1 

k2 2 
v * - n - µ 
1 2 - - ' sH 

a2 3 

a2 
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H n 
4 

2 
1 + 4y 2 (1 - 3 cos IH) , 

from 1. quations ('12) and (44). H n 

Yz = y z - 4 z2 (1 - 3 C 
2
1 ) . 

( 45) 

h in lin ti n IH in th Hill m thod w fin d s th m imum 

1 titud . In the pr s nt th ry this do n t ly to the inclin tion ob-

t in d fr m ~ r' = H/ " ·n vi w of th pr s n of th t rn of th fir st 

ord r in r
2 

and z ro ord r in in G/G: For = o the r lati n i 

G = G' ~ + % r2 sin
2

Icos (2g + 21~ 

Th n 

or 

Now 

2H 2 ti.G = - 3y
2 

sin2 I cos2 cos (2g + 21) 
Gl 

This is a maximum for 2g + 21 = 180'\ when 

sin2J3max = sin2IH = sin
2r• ~ -3y2 cos

2r] , 
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from which 

( 46) 

Th introduction of ( 45) and ( 46) int ( 44) i ld 

d(l" + g.") [ ----= nC'!H 1 
dt 0 

i 11 

n = d(l" + g") + 0 r ' dh' ' 
s d dt 

_ d(l" + g") dh" 
H - dt + cos IR dt ' 

or 

( I r ' ) dh" 3 . 211, f' dh" n H - n = cos H - cos - = - y2 sm cos -
s s dt 2 dt 

= 

Introduction into (47) yields 

d( 1" ") [ 2 2 G 2 3 4 J d/ g = ns 1 + 3y2 cos r· + Y2 ~ cos r· + 2 cos I"~ I 

in agreement with the expression for n0 obtained previously. 

In addition to establishing the agreement between the results for e = o 

obtained by two different methods, the discussion serves as an illustration 

of the caution necessary in the comparison of results to the second power 

of y
2 

obtained by different treatments of the same problem. 
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f th ms mall 

ns · d r t f h pe i d. H n th 

ntributions to th H miltonian m. y b l'mi d to th p r t i nd p nd nt 

f J, and nl th firs p w a n d d. 

Th pr ssi n f r U 4 i 

µk4 ~ . 2 35 U 4 = - 1 - 10 sin (3 + - · 
r5 3 

in e 

. 4 ~ 
rn )' 

. 2Q 1 . 21 [ l 1n I-' = - sin - co 
2 

(2g + 2£)] , 

sin 4(3 = l_ sin 41 [ 3 - 4 
8 

this becomes 

(2 2f) C ( 4g + 4£) ] , 

U
4 

= µ6k4 [(} - ~ cos2i: + ~ 
110 ~ 4 8 

+ (~+ 20 
cos

2
1 -~ 

6 3 6 

4~ 5 
o J r

5 
cos (2g + 2f) 

+ (
35 

- ~i cos 
2
1 + ~ 

24 12 24 
4~ a

5 ~ 
0 J r 

5 
COS ( 4 + 4f~ , 

The secular part is 
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Th p rt ind p nd nt of g is dd d t 2 

the part having c s 2g a a factor is added to F 2p * 

OS 2g'. 

Now 

8 

g 

4 2 -l 
s * - - 2 LI 3 G" ~ - 5 ~) b. F * * 

4 1 - - " 4 2p 
3 µ 4k2 G" ~ 

5 2 k 4 II (L' 4 L' 2) ( H 2 H4) ~ H 2 ) -1 ' = - L - G - - - I 1 - 8 - + 7 - 1 - 5 _ cos 2g 
12 L' 4 k2 G"4 G' 2 \. G' 2 G" 4 G" 2 

By integration, 

If now 
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so that 

=-· ' 

it follows that the additions to the right-hand members of P.quatlons (35) 

to (.38) are 

~ -J 5. r4 ( ,4 ,2) H2 H4 ~ H-2) ,, 
A G' - G' 1 3 8 1 5 2 u4 - - - -- - - - • - - - COS g , 

12 y 2 G"4 G' 2 G" 2 G"4 G"2 

~ -J , 5 y 4 L' H2 H4 H2 . ,, 
fl

4
1 = - - - - 1 - 3 - 2 - 8 - 4 (1 - 5 - 2) sm 2g , 

12 y 2 G" G" G" G" 

Ll
4
g = - - -- 1-5 - - - _ 1-9 _ , Y4 ~ L'

4 ~ .. H2) 5 L'2 ~ H2) 
r 2 8 G"4 G"2 24 G"2 G"2 

4 2 -
2
] . 

+ 4o _!!__ {i - 5 _!!_) sin 2g'' . 

3 G"4 \ G"2 
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The additions o th ul r m ti ns re 

dl" 
A4 -

dt 

d " 
~4- = 

dt 

8. The third and fifth harmoni s. Odd harmonics are to be onside ed 

only if symmetry of the earth with r s t e equator o s not exist. 

A study f the motion of 1958 ~2 led to the introduction of the e dd har

monics by O'K fe, Eckels and Squires (1959). 

The xpression for U 3 i 

U 
3 

= µA 3.o 0 sin3 /3 - i sin 13\ . 
r4 ~ 2 ) 

With 

sin3/3 = sin
3

I ~ sin (g + f) - : sin (3g + 3~ 

this becomes 

U 
3 

= µA 3.o If- J_ sin I+ 2: sin3 1\ sin (g+f) - ~ sin3 I sin (3g+ 3J . 

r4 L\ 2 8 ) B J 
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1 

2 2 2 2 ~
2 

For th sal of brevity, let e' sin I' stand for (1 - G' /L' ) (1 - H /G' -J , 

11 • n I" for the same exp res ion with G' replaced by G". The secular 

p rt may th n be written 

15 H
2

) . , - sm g . 
8 '2 G 

Th r i n par independent f g'. 

If 

It fo lo th t 
A 

~ ~381 * ::: _]:_ J!:_ ~ 
8g' 4 L'2 k2 

L'2 
G" e" sin r' sin g', 

G''2 

A 2 
1 µ 3.0 L' G" " . r' ' = + - -· -- __ e s n cos g . 
4 1 ,2 k2 G"2 

') 

1 Y3 L'" 
~

3
G' = - -- - -- G' · e" sin I" sing" . 

4 Y2 G" 2 

With 

8 

oG 

8 (e sin I) 
8L 

( e sin I) = 

sin I G2 
==---- , 

e L3 

sin I G 
----

e H2 
+----

e L2 sin I G3 
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0 (e sin I) = 
8H 

H 

sin I G2 

th 

With 

u bt ined: 

~3 
I 1 Y3 s in r' G' II = - -- cos 

' 4 I L' 2 

+!.. Y3 ~ (~' 
I H2 ) 

3 = 
4 r 2 G" 2 sin r G' ' 2 

g" 

~ h' 
1 Y3 1'2 H 

OS g' ' 3 = +-------
4 Y2 G''2 G ' in I" 

The fifth harmonic is 

U 5 = µA 5.0 [ 15 sin ~ - ~ sin3 + 683 sin5 ;l . 
· 6 8 4 j 

. 5 .~ sm 1-1 

r 

= si 5 I f 5 sin (g + f) - - in ( 3g + 3f) + _!_ sin ( 5g + 5~ 
[s 16 6 J 

this becomes 

~( ~ 
6 15 . 105 . 31 5 . 5 a . 

- sm I - - sm1 + - sm I - s n (g + f) 
8 16 64 r6 ... 

+ l35 sin3 I - 315 sin51) a
5 

sin (3g+ 3f) + 
63 

sin5 I a
5 

s in (5g+ 5J 
\16 128 r6 _ 128 r6 J 



33 

H4) a6 21 - - sin (g + f) 
G4 r6 

35 ~ H
2 

. H
4

) a 
6 

- _ 1 - 10 _ + g __ sin (3g + 3f) 
128 G2 G4 r6 

6 ~ H2 H4) a 6 J _ 1 - 2 _ + _ _ sin (5g + 5f) 
128 G2 G4 r6 

Th ul r p rt i 

_ 1 - 14 - +21 - 7-3 - ing' 
[ 

15 ~ . H
2 

H
4

) ( G'2) 
128 f2 G'4 L'2 

35 (i - 10 .!!:_ + 9 H
4J {i - G'

2
) sin 3 g] . 

256 \ G' 2 G' 4) \_ L' 2 

H n e 

3A 2 - 1 
a " S * _ µ 5. 0 ~ 5 H ) " . I" - ~ 5 1 - -- - - sm 

8g' G" \ G" 2 
2 

x _ 1 - 14 _ + 21 _ 7 - 3 _ sin g' t 5 ~ H2 H
4

) C G''
2

) . 
64 G"2 G"4 L'2 

+ _ 1 - 10 _ + 9 __ 1 - - sm 3g , 35 ~ H
2 

H
4

) ( G''2) . J 
384 G" 2 G''i4 L' 2 
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G" e" sin r' 

x {~ h -3 G 
1 2

) [ 1 - 9 H 
2 

- 24 tt
4 

(1 - 5 H 
2

) - l l cos g' 
64 \ L' 2 G" 2 G ,4 \ G" 2 

-~ (i - G"2 ) [1 -5 H2 -16 H4 (i -5 H2)-1] os3 }· 
1 52 ~ L' 2 , 2 G"4 ~ " 2 

With th aid of 

the resulting long-p riod terms become: 

x { - ~ h -3 G"2) [1 -9 ~ -24 __t (i - 5 ~)-l] sing'' 
64 \ L, 2 G" 2 G" 4 \ G" 2 

[ 
4 -1] } 3 5 G" 2 H 2 H H 

2 
. 11 + _ (i --) 1 - 5 _ - 16 __ (i - 5 -) sm 3g , 

384 \ L'2 G"2 G"4 \ G"2 · 
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For nveni nee of computation the per-

nts a, e, I are given instead of those in 

L, G, H. 
The adopt d for fun ti n is 

µ k2 ~ U =i: + - 1-3 
r r3 

µA3.0 
+ ---

4 r 

µk4 (, 2 35 4 ~ 
-r 

5 
~ - 10 sin fJ + 3 sin ~ 

µ. A5 .0 ( 15 i fJ. 35 8 . 3/J. 63 8 . 5~/J. - s nt-' - - rn t-' + - 1n t-' , 

6 8 4 8 
r 

in which k
2 

is m 11 1u ntit and k4 A3.0, A5_0 re assumed to be of 
2 ord r k2 . 

The secul r m ti n l v \ b n omputed to O (k21, the coefficients 

of periodic t rm t O ( 2). 

Basic const· t : 

a" = s mi-m jor 

e'' = ec e11tri i y 

r' = inclinati n on t n 

n = µ 1/ 2 "-3 / ?. 
0 

R = equatori 1 r iu 

Abbreviations: 
1 

rJ = ( 1 - 112 ) 

'4 

' '4 

. , 37 ( ' '/ R) - 3/ 2 r v./day 

, ' 
l 

-8 
')'4 't] 

o = cos I" 

A3.0 
Y3 = -3-

a'' 

-6 
Y3 ' y 'Yl = 3 '/ 
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Il is cu tomary t us for the second harm 1 i . th efficient J· 

Jeffreys (1954) used for the fourth harmonic th oefficient D. Th re-

lations between J, D and y 2, ~ 4 are 

Y2 = ~ tr ' y 4 = 335 D (:,) 4 

Strictly speaking, " + 01 e, e' = cos (r + 01 I), ' = ~ - (e" + 1\ ) 
2
] 

112 

should b used in th mputation of the p r · odi t rm , but since th 

sho t -p riod term r obtained to O (k2), it is f no c se u nc if con

tribuli ns of O (k
2
) r oni t din r s i n th t hav y 2 as a fa tor. 

Simil rly, _Q '' , ,, might be use in computing f', r" u ince J.', g' are 

availabl , th ir us , do s not compli t th · 1 ul tion . 

The fo rmulas r pplicable for any ec n r icLy / 1 and any in-

clination with the x eption of in lination n r th ritical inclination, 

for which 1 - 5 cos 21 pp ears as a small di vis r. 

Th appearance of " as a divi sor in th short-p riod t erms in is 

appa ent only. The xpressions th tar multipli d bye ,-l contain e" as 

a factor, ith r implicitly or explicitly. 
In the short-p riod terms in J. and g a divisor e'' occurs also, but 

for th cal ulation of h position only g + 1 + equ tion of th center is 

n eded. In g + 1 th divisor e" is not pre en . 

Singularities in some of the ele nts 1 o o ur for very small in-

clinations; again, no singularity is pres nt in the coordinates. In such 

cases it may be found convenient to modify the formulas and obtain ex-

pressions for the perturbations in c ordinates. 

Secular terms 

1. 11 = "mean" mean anomaly 

== n
0
t { 1 + I y' r, (- 1 + 30 2} 

2 2 
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g" = m n a:gumen of p ri e 

= n 
O 
t ~ y' 2 ( - 1 + 50 2) 

+ ~ y' 2 [- 35 + 2411 + 2511 2 
+ (90 - 19211 - 12611

2
) 0 

2 
+ (385 + 36011 + 4511, 0

4
] 

32 2 

+ i y' '21 - 911 2 + (- 210 + 126111 e2 
+ (385 - 18911

2
) e4

]~ g " 
16 4 t ) 0 

h" = mean lon itud f s cending node 

= n0t { 3y2 0 

+i Y2 2 [(- 5 + 1217+ 9172) 0 + (- 35 - 3617-517
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x ~ (f' - l' + e" sin f') - 3 sin (2g' + 2f') - 3e" sin (2g' + f') -e" sin (2g' + 3f'0 . 

f', r' are to be computed from 

E' - e" sin E' = i' 

tan _!. f' = 
2 (

1 + e') 
1 - " 

a" 1 + e" cos f' 
= -----

r ' 

1 

2 
tan_!_ E' 

2 

1 

' 2-. 2 
__:__ sin f' = (l - e" J sinE' 
a" 

' _:_ cos f' = cos E' - e" 
or a" 

' ...:.... = 1 - e" cos E' 
a" 

For the calculation of the coordinates at any time the complete values 

of e and l should be used for the solution of Kepler's equation, 

E - e sin E = ,t 
and subsequently r and f, whic,h may then be used in the formulas: 

x = r l cos (g + f) cos h - sin (g + f) sin h cos I] 

y = r [ cos (g + f) sin h + sin (g + f) cos h cos I] 

z = r sin (g + f) sin I 

A convenient alternative form is: 

x = Ax (cos E - e) + Bx sin E 

y = Ay (cos E - e) + By sin E 

z = Az (cos E - e) + Bz sin E 
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Ax = a [ cos g cos h - sin g sin h cos I] 

1 

Bx = - a ~ - e
2
) 

2 
l sin g cos h + cos g sin h cos I] 

Ay = a [ sin g cos h cos I + cos g s.tn h] 

1 

By = a ~ -
2
) 

2 
l cos g cos h cos I - sin g sin h] 

Az = a sing sin I 

1 

Bz = a ~ - e~ 
2 

cos g sin I 
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